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Abstract. We study the issue of the electrodynamics theory in noncommutative
curved space time (NCCST) with a new star-product. In this paper, the motion
equation of electrodynamics and canonical energy-momentum tensor in noncommu-
tative curved space time will be found. The most important point is the assumption
of the noncommutative parameter (θ) be xµ-independent.
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Introduction
Since Newton the concept of space time has gone through various changes. All
stages, however, had in common the notion of a continues linear space. Today we
formulate fundamental laws of physics, field theories, gauge field theories, and the
theory of gravity on differentiable manifolds. That a change in the concept of space
for very short distances might be necessary was already anticipated by Riemann.
There are indications today that at very short distances we might have to go beyond
differential manifolds. This is only one of several arguments that we have to expect
some changes in physics for very short distances. Other arguments are based on the
singularity problem in quantum field theory and the fact theory of gravity is non
re-normalizable when quantized. Why not try an algebraic concept of space time
that could guide us to changes in our present formulation of laws of physics? This
is different from the discovery of quantum mechanics. There physics data forced us
to introduce the concept of noncommutativity.
There are many approaches to noncommutative geometry and its use in physics.
The operator algebra and C⋆-algebra one, the deformation quantization one, the
quantum group one, and the matrix algebra (fuzzy geometry) one. These show that
the concepts of noncommutative subjects were born many years ago, where the idea
of noncommutative coordinates is almost as old as quantum mechanics.
Many people are working in the noncommutative field theory to find the details
of it. It is a nonlocal theory and for this reason, the NCFT has many ambiguous
problems such as UV/IR divergence and causality. The UV/IR problem arises of
non-locality directly and the causality is broken when θ0i 6= 0 so as a field theory it
is not appealing [1, 2]. In addition, some people thought that the noncommutative
field theory violets the Lorentz invariance, but a group of physicists have shown that
the noncommutative field theory holds the Lorentz invariance by Hopf algebra [2].
With all these issues, many of physicists prefer to work in this field, because they
think it is one of the best candidate for the brighter future of physics and they hope
that these problems would be solved in futures.
The formulation of the classical and quantum field theories in NCCST has been
a very active subject over the last few years. Most of these approaches focus on free
or interacting QFTs on the Moyal-Weyl deformed or κ-deformed Minkowski space
time. But at now, many people are working on the quantum field theory and related
them on the noncommutative curved space time so this work is one of them. Finally,
we hope that these works might solve some conceptual problems of physics that are
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still left at very short distances [1, 2, 3, 4].
We introduce new star-product briefly. By deforming the ordinary Moyal ⋆-
product, we propose a new Moyal-Weyl ⊲-product which takes into consideration
the missing terms cited above which generate gravitational terms to the order θ2.
In reference [5], the authors have shown that we can go to curved space time with
replacing of operators variables. We can replace the noncommutative flat space
time coordinates variables [xˆµ , xˆν ] = ıθµν with noncommutative curved space time
coordinates variables Xˆµ = xˆµ+ ı2 θ
abθαβ
2
√−gˆ ∂bRˆ
µ
aαβ where Rˆ
µ
bαβ stands for Riemann cur-
vature tensor and
√−gˆ is determinant of metric as two functions in noncommutative
coordinates. We know [Xˆµ , Xˆν ] = ıθµν so for two any smooth function A and B
we have
Aˆ(Xˆ)Bˆ(Xˆ) = A(x) e
ı
2
θµν
←−
∂ µ⊗−→∂ ν+ı(ı2 θ
abθαβ
2
√
−g ∂bR
µ
aαβ
)∂µ (ℑA⊗ℑB) B(x)
where ℑ stands for the identity of spaces ( for example ℑA is identity of ”A”).
If △µ = ı2 θabθαβ
2
√−g ∂bRˆ
µ
aαβ and ⊲ ≡ e△x
µ∂µ(ℑ⊗ℑ)+ ıθ
µν
2
∂µ⊗∂ν so we have (A ⊲ B)(xˆ) =
A e
ı
2
θµν
←−
∂ µ⊗−→∂ ν+ı△µ∂µ (ℑA⊗ℑB) B. If the △ is xµ-independent we can write
∫
d(d−1)x (A ⊲ B)(xˆ) =
∫
d(d−1)x
∫
dkdqA˜(k)B˜(q) eı(k+q)·xˆ−
ı
2
θµνkµpν+ı△µ(k+q)µ
=
∫
d(d−1)x e△
µ∂µ
∫
dkdqA˜(k)B˜(q) eı(k+q)·xˆ−
ı
2
θµνkµpν
=
∫
d(d−1)x(A(x) ⋆ B(x) +△µ∂µ(A(x)B(x)) + 0(θ4))
=
∫
d(d−1)xA(x) ⋆ B(x) (1)
where dq = 1
(2π)
d−1
2
dq and we can remove the total derivative term when △ be
a constant. At last, there is a quality below of integral between of old and new
star-product for some manifolds with special metric which △ over of them will be a
constant.
We introduce a new symbol S⋆(A1, A2, .., An) that it includes all symmetric com-
pounds of A1-An. As a function in integration, because of rotational properties the
one of Ai from S⋆(A1, A2, .., An) can be written in the first (last) of all compounds
of S⋆ or S⋆(Ai;Ai−1, .., An, ..) where Ai is a selected function. Also, we can show
that ⋆-product in integral formalism has following property
∫
ddx S⋆(A1, A2, .., An) =
∫
ddx S⋆(Ai;Ai−1, .., An, ..) =
∫
ddx Ai⋆S¯
i
⋆(Ai−1, .., An, ..)
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where S¯i⋆ means S⋆ without Ai and includes all symmetric compounds of remanned
A1, .., Ai−1, Ai+1, .., An. The S⋆(A1, .., An) has n!-terms out of integration but in the
integration formalism it reduces to n-terms. Suppose, that A-function has appeared
twice in S⋆(B,C, .., A,D, .., A,G, .., H), so for I =
∫
ddx S⋆(B,C, .., A,D, .., A,G, .., H)
from Leibnitz rule we have
δ
δA(z)
I =
∫
ddx S⋆(B,C, ..,
δ
δA(z)
A,D, .., A,G, .., H)
+ S⋆(B,C, .., A,D, ..,
δ
δA(z)
A,G, .., H)
=
∫
ddx
δ
δA(z)
A ⋆ S¯1⋆(D, .., A,G, .., H,B, C, ..)
+
∫
ddx
δ
δA(z)
A ⋆ S¯2⋆(G, .., H,B, C, .., A,D, ..)
=
∫
ddx
δ
δA(z)
S1⋆(A;D, .., A´, G, .., H,B, C, ..)
+
∫
ddx
δ
δA(z)
S2⋆(A;G, .., H,B, C, .., A´, D, ..)
= 2S¯1 or 2⋆ (2)
Physics Notes and the Motion Equation of Fields
We start by showing how to construct an action electrodynamics in NCCST. If
one direct follows the general rule of transforming usual theories in noncommutative
ones by replacing product of fields by star product [2, 3] and we believe that this
change should be done on Lagrangian density. In fact, SCm(LCm) → SNc(LSymNc )
or
S =
∫
ddx
√−g ⊲ L⊲SymNc
where ⊲ is a new star product. The classical Lagrangian density is
L = −1
4
(Fµνg
µαgνβFαβ) (3)
where gµν ,−g and F µν are the metric tensor, the determinant of metric and the
strength fields F µν = ∂µAν − ∂νAµ − ı e[ Aµ, Aν ]⋆ respectively. The building
of action in NCCST is more complicated because symmetric ordering must also
considered. In particular interested in the deformation of the canonical action goes
to
S =
∫
ddx
−1
4
√−g ⊲ S⊲(Fαβ , gαµ, gβν, Fµν) (4)
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As for multiplication of the functions we can write
∫
(f ⊲ g)(x) =
∫
(f ⋆ g)(x¯) where
x¯µ = xµ +△µ and if f¯ = f(x¯) so then (f ⋆ g)(x¯) = f¯ ⋆ g¯. The earlier star product
(⋆-product) will be an associative by the Drinfel’d map. By using these tools, and
hermitical structure we have
S⊲(Fαβ, g
αµ, gβν , Fµν) = S⋆(F¯αβ, g¯
αµ, g¯βν, F¯µν) = F¯ ⋆ g¯ ⋆ g¯ ⋆ F¯ (5)
but we work with L⋆ = S⋆(F, g, g, F ). Now, we can deform the classical action to
the global expression
S =
∫
ddx
√−g¯ ⋆ L⋆ =
∫
ddx
√−g ⋆ L⋆ + total derivative (6)
but when the △ be x-independent the last term is zero and also one of ⋆’s can be
removed
∫
f ⋆ g ⋆ h =
∫
h ⋆ g ⋆ f . While the space time without tersion we can use
from F µν . For research of the motion equation of fields we start from the principle
of the least action δS
δAκ(z)
= 0, namely,
δS
δAκ(z)
=
δ
δAκ(z)
∫
ddx
−√−g
4
⋆ S⋆(F, g, g, F )
=
δ
δAκ(z)
∫
ddx
−1
4
S⋆(
√−g;F, g, g, F )
=
δ
δAκ(z)
∫
ddx
−1
2
S⋆(F ;
√−g, F, g, g) (7)
so we have
∂µS⋆(
√−g, Fαβ, gκα, gµβ)− ıe[Aµ, S⋆(
√−g, Fαβ , gκα, gµβ)]⋆ = 0 (8)
for Lagranian is diffined in Eq.5 we have
∂µFκµ − ıe[Aµ, Fκµ] = 0 (9)
where Fκµ = {gκβ, gµα} ⋆ Fαβ ⋆ √−g + √−g ⋆ Fαβ ⋆ {gκβ, gµα} It is the motion
equation of electrodynamics fields in NCCST while the △ be a constant.
the Formal Canonical Energy −momentum Tensor
It is useful to study the derivative the different pieces of the action with respect
to gµν . In view of the physical interpretations to be given later we introduce the
new tensor Tµν via
δS
δgµν
= −1
2
S⊲(
√−g , Tµν)
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as the field symmetric energy-momentum tensor. Consider the action of field for
θ0i 6= 0. In this case, we can remove all ⋆’s related to metric tensor, because we do
not search the momentum of metric [6]. However, for any case of noncommutativity
we can start from
Sθ
0i=0 =
∫
ddx
√−g ⊲ Lθ0i=0⊲ , Sθ
0i 6=0 =
∫
ddx
√−gLθ0i 6=0⊲ (10)
where Lθ0i=0⋆ = S⋆(F, g, g, F ) and Lθ0i 6=0⋆ = −14 gµαgνβ(Fµν ⋆ Fαβ). Variation with
respect to gµν for two cases give
δSθ
0i=0 =
∫
ddx(δ
√−g ⋆ Lθ0i=0⋆ +
√−g ⋆ δLθ0i=0⋆ )
δSθ
0i 6=0 =
∫
ddx(δ
√−g Lθ0i 6=0⋆ +
√−g δLθ0i 6=0⋆ ) (11)
We first perform the variation of
√−g with respect to δgµν [7]. For this we write
δ
√−g = − 1
2
√−gδg and observe that by varying gµν(x¯), the variation of determinant
g involves the co-factors, which in fact are equal to g times the inverse, gµν is
δg = −g gµνδgµν so we have
δ
√−g = 1
2
S⋆(
√−g, gµν , δgµν) = −1
2
S⋆(
√−g, gµν , δgµν) (12)
Therefore, we can write the variation of action
δSθ
0i 6=0 =
∫
ddx((
−1
2
S⋆(
√−g, gµν , δgµν)) Lθ0i 6=0⋆ +
√−g δLθ0i 6=0⋆ ) (13)
and
δSθ
0i=0 =
∫
ddx((
−1
2
S⋆(
√−g, gµν , δgµν)) ⋆ Lθ0i=0⋆ +
√−g ⋆ δLθ0i=0⋆ ) (14)
Consider now the variation of Lagrangian density, first case θ0i 6= 0 ⇒ δLθ0i 6=0⋆ =
−1
4
((δgµα)gνβ(Fµν ⋆Fαβ)+g
µα(δgνβ)(Fµν ⋆Fαβ)) and second case θ
oi = 0⇒ δLθ0i=0⋆ =
−1
4
(Fµν ⋆ δg
µα ⋆ gνβ ⋆ Fαβ + Fµν ⋆ g
µα ⋆ δgνβ ⋆ Fαβ) so we get to
T
θ0i 6=0
λκ =:
∂
∂
√−gS⋆(
√−g, gλκ,Lθ0i 6=0⋆ ) + gµνS⋆(Fµκ, Fνλ)
Tθ
0i=0
λκ =
∂
∂
√−gS⋆(
√−g, gλκ,Lθ0i=0⋆ ) +
∂
∂
√−gS⋆(g
νβ, Fλν ,
√−g, Fκβ) (15)
and all Tµν are symmetric tensors.
Discussion
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In this work we could drive the action of quantum electrodynamics in noncom-
mutative curved space time. Also we find the motion equation of electrodynamics
fields. We also assumed that θ0i 6= 0 so the momentum conjugate of gµν does not
exhibit and metric term did not participate with star product in Lagrangian den-
sity. additionally we construct the typical energy-momentum tensor for two cases of
noncommutativity from general way and we show that these are symmetric tensors.
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